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outline of lecture 2

1) Basic concepts of percolation theory

2) Percolation threshold and ‘excluded volume’
3) Cluster size distribution, cluster Radius

4) Fractal dimension of a random surface

5) Conclusion

Application Notes: Nanocrystal Flash



three concepts of random systems
Percolation threshold:
' epidemics, forest fire, . Cluster sizes Fractal dimension
telecom grid, www . Oil fields, NC Flash Aerosol, paper, sensors
Nanonets, photovoltaics |
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basic concepts: percolation threshold
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calculation of percolation threshold

Triangular Hexagonal
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p.=0.593 p.=0.500 p.=0.697

Percolation threshold (p.=N./N+) depends on lattice,
there is something wrong here |



area fraction fill-factor F=A,_.../A,
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(Fx p,)is universal ....

Triangular Hexagonal
AV AVAV
INNN N
pP.=0.593 P .=0.500 pP.=0.697
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4 243 3.3
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hw: Percolation in 3D lattices

For simple cubic lattice site percolation,
Fp. ~ 0.16 and p, ~ 0.311. Here F is the
volume fill fraction, not area fill fraction.

Use the universality of Fp, to show that
the percolation threshold for FCC lattice
must be approximately 0.1




percolation involving other shapes
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How do I determine the percolation threshold?

F p. ~ 0.45 will not work, unfortunately,
because sticks have zero areaq, i.e. F~0 |



excluded area ... first an intuitive result

Disk percolation
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the concept of excluded area ..... )
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For disks on arbitrary grid ... Qv
F x D. = A\element . NC ~0.45
C ] T 2
A°e|| NT A\element = Z( D)
For arbitrary shape on arbitrary grid ... X 4
Aex . NC ~ '

A Ny

Percolation begins when excluded volume is routinely breached
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excluded volume for a stick ...
Aei,ej =L L sin(4, _‘9])
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excluded area for a stick ....

N
A%x o C %18
A:ell NT
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( /Acell) ~ 1.
2
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S S

percolation density correct within a factor of 2|
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hw: excluded volume for other shapes ..

curved stick ... square ...
— ______
_ E |_2 2 2
Ans. 'Abx_ﬂ chord IA\EXZZ_ (1"‘ 2/7["‘4/72: )
(ifL, 4 < B) Hint. Compare with circle
cnor 2
Hint. For general shape, use the

Use the stick algorithm Monte Carlo code posted
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outline of lecture 2
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three topics of random systems

Percolation threshold ;-------------mrmemoooees

epidemics, forest fire, ' Cluster sizes ' Fractal dimension

telecom grid, www Oil fields, NC Flash Aerosol, paper, sensors
Nanonets, photovoltaics '
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basic concepts: cluster size




cluster-size distribution and its moments

n,(p)
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p= > sxn/(p)

O<s<oo

..plays a role similar to

Number of cluster of size S
divided by the number of sites

Boltzmann distribution f(E, Ef)
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average cluster vs. infinite cluster
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small-cluster size distribution

5
XQZ n,(p) =1x px(1-p)*
%+% n,(p) =2xp*x(1-p)’

B o
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features of cluster-size distribution

n,=1xpx(1- p)4 O ‘Zeros' at p=0,1 with single peak
n,=2x p2 x (11— p)6 E)e.';??:lsihsifOT.Serost]Zmijss(l)D.CZMéi;T?:; is 0.29)
N, =2xp°x(1-p)° o General form: N,(P)= gy x p*x (1 p)
+4 x p3 x (1— p)7 : g iNCreases exponent’rially.
A n,
n

pc P
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numerical plots for cluster-size distribution

Analytically ... by computer ...
-3
-3
g X 10 . 55X 10 |
S=45
2.
1.5}
i 0\ 180
0.5} 363
82 0.4 0.6 0.8 1

[ pmax (S) - pc] X 30'395 ~ 0.45 pc ~ 0.6
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scaling of cluster sizes
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for reasonably large cluster-sizes (s>20)

—c[( P—p.)s° +O.45T

n,(p) = Ae N, (P)

l

400-500
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n.(p) = Ae

avg

average cluster-size distribution

~c[ (p-p,)s” +045]" Als re)

N, (Pe)—
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self-similarity and scale-invariance

o irregular regular
self-similarity self-similarity self-similarity
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This is the origin of the power of the percolation theory ...
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http://upload.wikimedia.org/wikipedia/commons/7/7b/Bond_percolation_p_51.png�

outline of lecture 2
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three concepts of random systems
Percolation threshold :
epidemics, forest fire, Cluster sizes | Fractal dimension
telecom grid, www Oil fields, NC Flash : Aerosol, paper, sensors
Nanonets, photovoltaics :
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basic concepts: dimension of a surface

D=2 D=1

T |

D=0

D=?
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Fractal Dimension (Dg)- Box counting technique

classification of surfaces...
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example: dimension of a stick network

10
y
=
e 10°
= Slope=D¢=1.54.
: |
10
10° 10° 10

log (1/h)

Dimension depends on stick density ...



fractal dimension at percolation

self-similarity
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making of a fractal: dimension of Cantor dust

_ log(N) _ log(2") _109(2) _ 4 ¢q

Fl— B o -
log(1/h) log(3") log(3) Bigger than a point,

but smaller than line |

... keep m piece
In general, D, = log(m)

log(n) ~ /__ of npieces
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regular and irregular fractals

~log(m) - keep m piece

F.1

~ log(n) —> __ of n pieces

' regular —
—1 irregular —
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dimension of quasi-2D cantor stripes
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In general, D, , =DF, + DF, + DF,
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cantor transform
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Preserve Dr during transformation (Lecture 5)
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conclusion

+ Discussed three key concepts of percolative transport:
percolation threshold, island size distribution, and fractal
dimension

+ The concept of excluded volume provides a (nearly) geometry
independent way for calculating the percolation threshold for
arbitrarily shaped objects on arbitrary grid.

+ Distribution of island sizes is also described by simple formula
with universal constants. At percolation threshold, the island sizes
are self-similar and scale invariant.

+ Fractal dimension provides a generalized technique to describe
the dimension of any surfaces, even those defined by randomly

oriented sticks. Cantor transform regularizes the structure.
40
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Figure references/credits

*Oxide breakdown: Pey and Tung. 200 http://spie.org/x17096.xml
*Random dopants:
eSuper-capacitor: Joel Schindall IEEE Spectrum, 2007. The charge of ultra-capacitors

eComputer: www.dell.com
Flexible Circuits, Cao, Nature, 2008.

esolar cell: Peter Peumans, Ph.D. Thesis, 2003.

*Porous aluminum: Fobes, 2008.

eSuper-capacitor: Joel Schindall IEEE Spectrum, 2007. The charge of ultra-capacitors
* Oil well:

eAerosol, and paper: Random walk in Fractal dimensions, 2002.

*Quantum Hall effect: Google image. http://nobelprize.org/nobel_prizes/physics/laureates/1998/illpres/practice.html
« Random dopants: Roy, Cheng, and Asenov. http://userweb.elec.gla.ac.uk/s/sroy2/circuits.html

*Molecular conduction: Columbia work.

*Thermal conduction: Arun Majumdar, Nature 2007.

eLong tail: Chasing the long tail. http://ww.leftclick.com/blog/chasing-the-long-tail

Water drop ---
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